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Divisibility Lemma: 

• Suppose A is a number divisible by k. The B is divisible by k                  
A+B is divisible by k. 

• Suppose A is divisible by k.           If B is divisible by k 

A + B is divisible by k

• Suppose A is divisible by k. If A +B is divisible by k               B is divisible 
by k  





Use the lemma:

• Is 4284 divisible by 6? 

Is 168 divisible by 8?

3648 and 4260 are divisible by 6, is 3648 + 4260 divisible by 6?





Divisibility by 3

A whole number is said to be divisible 
by 3 if the sum of all digits of that whole 
number is a multiple of 3 or exactly 
divisible by 3. 

• In 1377, the sum of all the digits = 
1+3+7+7 = 18. 
• Since 18 is divisible by 3, it means 1377 is 

also divisible by 3. 
• Here, 1377 ÷ 3 = 459 is the quotient and 

the remainder is 0.

• Is 2130 divisible by 3? 
• In 2130, the sum of all the 

digits = 2+1+3+0 = 6. 
• Since 6 is divisible by 3, it 

means 2130 is also divisible by 
3. 

• Here, 2130 ÷ 3 = 710 is the 
quotient and the remainder is 
0.

• Is 3194 divisible by 3?
• In 3194, the sum of all the 

digits = 3+1+9+4 = 17. 
• Since 17 is not divisible by 3, it 

means 3194 is not exactly 
divisible by 3 ⇒ 3194 ÷ 3 = 
1064 is the quotient and the 
remainder is 2.



What is the Divisibility Rule of 4?

• According to the divisibility rule of 4, a whole number is 
said to be divided by 4 if it has fulfilled one of the two 
conditions:

• The last two digits in a 3-digit whole number are zeros 
this means the number has zeros at tens place and ones 
place.

• The last two digits of a whole number form a number 
that is exactly divisible by 4.

• Is 1124 divisible by 4? 

• In 1124, the last two digits at tens place and 
ones place form a number 24 which is divisible 
by 4 (24 ÷ 4 = 6)

• Thus, 1124 is divisible by 4. 1124 ÷ 4 = 281

• a.) Is 117 divisible by 4?
• In 1171 the last two digits at tens 

place and ones place form a number 
71 which is not exactly divisible by 4 
(71÷ 4 = 17 is quotient and remainder 
is 3)
Thus, 1171 is not divisible by 4.

• b) Is 1300 divisible by 4?
• In 1300 the last two digits at tens 

place and ones place are two zeros. 
That means 1300 is exactly divisible by 
4.
1300 ÷ 4 = 325
Thus, 1300 is divisible by 4.

https://www.cuemath.com/numbers/whole-numbers/








Divisibility by 8





• In the divisibility rule of 11, we check 
to see if the difference between the 
sum of the digits at the odd places and 
the sum of the digits at even places is 
equal to 0 or a number that is divisible 
by 11

• Number = 764852

• Let us check if divisibility by 11 is true.

Sum of the digits at odd places (from 
the left) = 7 + 4 + 5 = 16
Sum of the digits at even places = 6 + 8 
+ 2 = 16
Difference between the sum of the 
digits at odd and even places = 16 - 16, 
which is 0.
Therefore, 764852 is divisible by 11.





• Which numbers below that divide the number 117,645.  

• 3  4  5  8  9  11  

•

•

• Which numbers below are factors of the number 3828.   

• 2          3          4          5          8          9          10          11 

•

•



• Suppose that a 6-digit number is divisible by 11. If the digits are rearranged 
to form a new number, is this new number also divisible by 11?  If yes, give 
an explanation. If no, give a counterexample. 

• The letters a and b are digits (i.e., 0, 1,…,9). Find an a and b so that 
41a2330b0 is divisible by 8, but not divisible by 3. 

•

• Find three pairs of digits a,b so that the number 5a31411b2 is divisible by 
6, but is not divisible by 9. Explain your reasoning.

•

•

•



• Suppose that a 6-digit number is divisible by 11. If the digits are 
rearranged to form a new number, is this new number also divisible 
by 11?  If yes, give an explanation. If no, give a counterexample. 

• Suppose that number is divisible by 3 and 9. If the digits are 
rearranged to form a new number, is this new number also divisible 
by 3 and 9?  If yes, give an explanation. If no, give a counterexample



• The letters a and b are digits (i.e., 0, 1,…,9). Find an a and b so that 
41a2330b0 is divisible by 8, but not divisible by 3. 



• Find three pairs of digits a,b so that the number 5a31411b2 is 
divisible by 6, but is not divisible by 9. Explain your reasoning.



Prime Factorization

• A Prime Number can be divided evenly only by 1 or itself. And it must 
be a whole number greater than 1. 
• The first few prime numbers are: 2, 3, 5, 7, 11, 13, and 17 

• "Factors" are the numbers you multiply together to get another 
number:

http://www.mathsisfun.com/prime-composite-number.html


"Prime Factorization" is finding which prime numbers multiply 

together to make the original number.

• What are the prime factors of 12 ?

• It is best to start working from the smallest prime number, which is 2, so 
let's check:

12 ÷ 2 = 6

• Yes, it divided evenly by 2. We have taken the first step!

• But 6 is not a prime number, so we need to go further. Let's try 2 again:

6 ÷ 2 = 3

• Yes, that worked also. And 3 is a prime number, so we have the answer:

12 = 2 × 2 × 3



"Factor Tree" can help: find any factors of the number, then the factors 
of those numbers, etc, until we can't factor any more

• Example: 48 

• 48 = 8 × 6, so we write down "8" and "6" 
below 48

• Now we continue and factor 8 into 4 × 2

• Then 4 into 2 × 2

• And lastly 6 into 3 × 2

•

• We can't factor any more, so we have 
found the prime factors.

• Which reveals that 48 = 2 × 2 × 2 × 2 × 3

• (or 48 = 24 × 3 using exponents)



How many factors?



How many factors?

• 3640=



Finding the Greatest Common Factor

• The GCF is the largest number that divides into both values without a 
remainder. Let’s find the GCF of 120 and 45.



• Step 2: Write out the prime factorizations for each.

• Step 3: The GCF will be the prime factors that are 
common to both factorizations multiplied together. 
In this example, both factorizations have one 3 and 
one 5, therefore the GCF is 3 x 5 or 15.

• Note: The Greatest Common Factor and Greatest Common Divisor are 

exchangeable terms.



• GCF for 48 and 90



The LCM, least common multiple, is smallest value that two or more 
numbers multiply into. Let’s find the LCM of 120 and 45.

• Begin by using factor trees to write out each number’s prime factorization. 
We have already found the prime factorizations for 120 and 45:

• The LCM will be the product of the largest multiple of each prime that 
appears on at least one list. For example we have a 2, 3 and 5, so I’ll 
choose the largest multiples of each and find their product.

• Therefore the least common multiple of 120 and 45 is 360.



What is the highest common factor and the lowest common multiple 
between 18 and 27



• LCM 48 and 90



• Use the prime factorizations to find GCF and LCM of 28, 49, and 63.

• Use prime factorizations to compute the GCF and LCM of (42,63,210) 

• Find GCF(2772,2940) and LCM(2772,2940)



• Use the prime factorizations to find GCF and LCM of 28, 49, and 63.



• Use prime factorizations to compute the GCF and LCM of (42,63,210) 



• Find GCF(2772,2940) and LCM(2772,2940)



• At a summer camp, chocolate milk is served every other day, corn is 
served every 4 days and pizza every 7 days. Today all three were 
served. What is the smallest number of days until all three are served 
again?



• The organizers of a gymnastics event wish to arrange the participants 
in neat rows. They try rows of 2, 3, 4, 5, 6, 7 and 8, but in each case 
there is one gymnast left over. There are fewer than 1000 gymnasts in 
all. How many are there? Explain your reasoning. (Hint: What if 1 
gymnast left the room?)



Trees



Graphs

• More exactly, a graph consists of a set of nodes (also known as points, 
or vertices) with some pairs of these (not necessarily all pairs) 
connected by edges.

• The set of nodes of a graph G is usually denoted by V ; the set of 
edges, by E. Thus we write G = (V,E) to indicate that the graph G has 
node set V and edge set E.



Trees

• A graph G = (V,E) is called a tree if it is connected and contains no 
cycle as a subgraph.

• A graph G is a tree if and only if it is connected, but deleting any of its 
edges results in a disconnected graph.



What is a Tree Diagram?

A tree diagram is simply a way of representing a sequence of events. 
Tree diagrams are particularly useful in probability since they record all 
possible outcomes in a clear and uncomplicated manner.









Decision Tree

• Decision Trees help you choose 
between multiple 
outcomes/courses you might 
take. They are very visual and 
help the user understand the 
risks and rewards associated 
with each choice.





• A coin and a dice are thrown at random. Find the probability of: 

• a) getting a head and an even number 

• b) getting a head or tail and an odd number 

• Solution: 

• We can use a tree diagram to help list all the possible outcomes. 



• A coin and a dice are thrown at random

• We can use a tree diagram to help list all the possible outcomes. 



Decision Tree
Sequential



Solution: both confess



What Is Probability?
• Probabilities are decimal numbers or fractions between 0 and 1. The higher 

the probability (meaning the closer to 1), the more likely it is that whatever 
we’re talking about will actually happen.

• When we toss a single coin there are exactly 2 possible outcomes—heads 
or tails—which we’ll abbreviate as “H” or “T.” 



Probability Tree

• Many factors that influence your decisions can be translated into 
probabilities. Which means that we can use these factors to draw a 
probability tree to help us make decisions



A Probability Tree for the Beach

http://www.quickanddirtytips.com/sites/default/files/styles/insert_large/public/images/3821/MD1.JPG?itok=VYrXK-0R
http://www.quickanddirtytips.com/sites/default/files/styles/insert_large/public/images/3821/MD1.JPG?itok=VYrXK-0R


http://www.quickanddirtytips.com/sites/default/files/styles/insert_large/public/images/3821/MD2.JPG?itok=gdPpXwV2
http://www.quickanddirtytips.com/sites/default/files/styles/insert_large/public/images/3821/MD2.JPG?itok=gdPpXwV2


• Colonel Sotto has two "pure strategies," Attack City I and Attack City II; Colonel Blotto has two "pure 
strategies," Defend City I and Defend City II. Each Colonel weighs each pure strategy against his 
enemy's pure strategies

• . Both probabilities for each Colonel must add-up to one. Therefore, the optimal strategy for Colonel 
Blotto is to defend City I with probability 2/3, and to defend City II with probability 1/3. In the 
meantime, the optimal strategy for Colonel Sotto is to attack City I with probability 1/3, and to attack 
City II with probability 2/3.

Attack and Defense 

Tableau

Colonel Blotto

Defend City I

D1

Defend City II

D2

Colonel Sotto

Attack City I

A1
0 10

Attack City II

A2
5 0



Decision Tree: 
simultaneous



Coin Problem



• Thinking about 1 coin is almost too easy, so let’s move on to 2 coins

• There are 4 possible outcomes when tossing 2 coins. And there are! 
HH, HT, TH, or TT.



• Let’s try tossing  3 coins at once. 



4 coin toss







Why are the divisibility test true?
Use the division Lemma. 

• Example: 



Other proofs are similar:

• Proof for test for 4: 

• Proof for test for 3: 



Sources:

• https://www.wikijob.co.uk/content/aptitude-tests/test-types/how-
solve-questions-about-ratios#what-is-a-ratio

• https://www.onlinemathlearning.com/unit-rate-6rp2.html

• http://mathrescue.blogspot.com/2012/04/algebra-rate-problems-
part-2.html

https://www.wikijob.co.uk/content/aptitude-tests/test-types/how-solve-questions-about-ratios#what-is-a-ratio
https://www.onlinemathlearning.com/unit-rate-6rp2.html


Sources: 

• https://www.onlinemathlearning.com/fraction-math.html

• https://www.onlinemathlearning.com/fractions-word-problems.html

https://www.onlinemathlearning.com/fraction-math.html

